We examine the evolution of cosmological perturbations in a non-thermal post-inflationary history with a late-time matter domination period prior to BBN. Such a cosmology could arise naturally in the well-motivated moduli scenario in the context of supersymmetry (SUSY) -in particular in models of Split-SUSY. Sub-horizon dark matter perturbations grow linearly during the matter dominated phase before reheating and can lead to an enhancement in the growth of substructure on small scales, even in the presence of dark matter annihilations. This suggests that a new scale (the horizon size at reheating) could be important for determining the primordial matter power spectrum. However, we find that in many non-thermal models freestreaming effects or kinetic decoupling after reheating can completely erase the enhancement leading to small-scale structures. In particular, in the moduli scenario with wino or higgsino dark matter we find that the dark matter particles produced from moduli decays would thermalize with radiation and kinetically decouple below the reheating temperature. Thus, the growth of dark matter perturbations is not sustained, and the predictions for the matter power spectrum are similar to a standard thermal history. We comment on possible exceptions, but these appear difficult to realize within standard moduli scenarios. We conclude that although enhanced structure does not provide a new probe for investigating the cosmic dark ages within these models, it does suggest that non-thermal histories offer a robust alternative to a strictly thermal post-inflationary history.
Introduction
Cosmological observations have led to an impressive level of constraint on inflationary model building. However, the post-inflationary universe prior to Big Bang Nucleosynthesis (BBN) remains elusive. The lack of direct observations at this time is unfortunate, since it is precisely during this epoch that we would hope to probe Beyond the Standard Model (BSM) physics. Even though direct probes on this cosmic period are lacking, we can try and establish some aspects of BSM physics by understanding how new particles and fields may change the expansion history and perhaps alter the inflationary seeds that led to the growth of structure.
In this paper we investigate non-thermal cosmologies and the effects they can have on the growth of density perturbations during the cosmic dark ages -the post-inflationary universe prior to BBN. These non-standard cosmologies (in particular those associated with high-scale supersymmetry) are motivated by both fundamental theory [1] [2] [3] and experimentally given rising tensions for natural BSM models [4] [5] [6] [7] [8] . Past investigations into the implications of a non-thermal post-inflationary history on cosmological perturbations have already demonstrated there can be important consequences for interpreting Cosmic Microwave Background (CMB) observations and for the restrictions CMB observations place on inflationary model building [9, 10] . Here we examine in detail the evolution of perturbations during the non-thermal period and address the question of whether the extra matter dominated phase predicted by these models can lead to an enhancement in the growth of structure on small scales. Because sub-Hubble matter perturbations grow linearly during a matter dominated phase (and only logarithmically during a thermal / radiation dominated phase), this suggests a new scale that could prove interesting for the primordial matter power spectrum. The relevance of this scale for determining the smallest allowed primordial dark matter (DM) structures depends on the reheat temperature at the end of the non-thermal phase, as well as on the free streaming length and kinetic decoupling of the DM. In this paper we address all of these issues within non-thermal cosmologies and establish in which situations interesting phenomenology may result. In addition to the general consideration, we also investigate the particular scenario with neutralino DM and heavy moduli in the context of Split Supersymmetry [11] [12] [13] [14] [15] [16] [17] [18] .
The paper is organized as follows. In Section 2 we present a brief review of non-thermal cosmologies and establish the background evolution. In Section 3 we present a general discussion of the evolution of cosmological perturbations in these non-thermal cosmologies. We discuss in detail how the extra matter dominated phase can alter both sub-Hubble and super-Hubble matter and radiation perturbations during this time. We also discuss the different production mechanisms for DM in non-thermal cosmologies and how this relates to expectations for whether structure should be enhanced or suppressed. One key result from this section is the emergence of a new scale associated with the Hubble radius at the end of the non-thermal phase, which suggests a new possible minimal scale for the smallest allowed primordial DM structures. In Section 4 we compare this scale with other important effects for removing DM structure on small scales, namely the effects of free streaming and kinetic decoupling. Within our discussion we also discuss how the scalar decay at the end of the non-thermal history can lead to a free-streaming effect that must be taken into account when establishing the relevant scale for the smallest substructures. In Section 5 we consider neutralino DM in the moduli scenario and discuss whether an enhanced growth of small scale structure is a natural expectation in this scenario. In Section 6 we conclude and relegate more technical details of our analysis to the appendices.
We note that some of our results have overlap with existing papers found in the literature. Many of our results in the perturbation analysis have overlap with that of Erickcek and Sigurdson in [19] . However, we have included the effect of DM annihilations and considered a broader class of non-thermal cosmologies -as we discuss in Section 2. We will also emphasize that after reheating, the scattering of DM off radiation could couple DM to radiation and thus wipe out the matter perturbation growth. In summary, we consider the effect of interactions between DM particles and between DM and radiation, which are generally non-negligible in well-motivated particle DM models. We also try to emphasize closely the connection to the microscopic parameters of the underlying theory, which helps to establish which parameter regions prove most relevant. For our considerations of SUSY neutralinos in Section 5 we note the work of Arcadi and Ullio in [20] where they considered strictly wino DM in the context of the G2-MSSM.
Non-thermal Cosmologies
In this section we begin by reviewing non-thermal cosmologies and their implications for the primordial DM abundance. We then present the background equations to model the non-thermal epoch, to be followed in the next section with a study of the perturbations.
There are two assumptions leading to a non-thermal history following inflationary reheating; the existence of shift symmetric scalars (or moduli), and both high and low energy sources that break that symmetry. The former is a generic expectation of BSM physics, whereas low-scale symmetry breaking is motivated by the hierarchy problem and inflation provides a gravity mediated source of breaking at the high scale 1 [2, 3] . Given these assumptions the scalar will typically be displaced from its low energy minimum and its oscillations can lead to an effectively matter dominated universe (see e.g. [1] and references within). For moduli with masses around 100 TeV and which decay through gravitationally suppressed couplings, this will lead to a late stage of reheating shortly before the time of BBN [1] . Since oscillations begin roughly when H ∼ m ∼ 100 TeV, this implies a long period of matter domination prior to BBN and a modification to the usually assumed radiation dominated post-inflationary universe.
Depending on the specifics of the non-thermal history (the exact couplings and masses of the fields) there are a few possible predictions for the primordial origin of DM. If the energy density of oscillations remains subdominant compared to radiation, this can lead to interesting cosmological predictions [10] , but the cosmic evolution will remain thermal. This will not lead to any change in the growth of structure, so for the remainder of the paper we will assume this is not the case. Moreover, top-down approaches to model building typically imply that the moduli will come to dominate the energy density almost immediately following the onset of oscillations [1] . Given that the moduli dominate at the time of decay, this implies a large generation of entropy and so any previous DM abundance will be diluted. This leads to the following possible cases [22] :
• Branching Scenario: In this case the moduli decay into radiation (standard model particles) and DM particles with no DM annihilations occurring during the process. The final abundance of DM will then be the (diluted) primordial amount ∼ Ω
χ (T r /T f ) 3 where T r and T f are the reheat and freeze-out temperatures, respectively (T r < T f ), and the decays can lead to a non-thermal source of DM Ω N T χ ∼ B χ ρ σ m χ /(m σ ρ c ) where B χ is the branching ratio, ρ σ ∼ H 2 m 2 p is the energy density of the moduli at decay, ρ c ∼ H 2 0 m 2 p is the critical density today, and m χ and m σ are the masses of the DM and the moduli, respectively. Within this scenario there is the possibility that the branching ratio could be negligible (B χ 0) and so all of the DM is produced during freeze-out before decay 2 . Requiring that the non-thermal production provides all of the DM today leads to the constraint [22] 
which we see is quite suppressed for low reheat temperatures.
• Annihilation Scenario: In this case when the DM is produced from the moduli decay, the abundance results in enough DM so that rapid self annihilations of the DM is possible. In this case one typically finds that the abundance of DM is primarily of non-thermal origin and the amount of DM today is then
That is, because of the annihilations the abundance is related to the standard thermal result Ω std χ except that the freeze-out temperature is replaced by the reheating temperature. Requiring that this provides the totality of DM today forces a relationship between the reheat temperature and DM annihilation crosssection (see e.g. [23] ). For a reheat temperature around 5 MeV this results in an enhanced DM interaction rate σv ∼ 10 −23 cm 3 s implying the possibility of interesting predictions for the indirect detection of DM [23] [24] [25] .
Given these two possible scenarios we next consider the evolution of the cosmological background. We note that in [19] the authors only considered the 'branching scenario' where DM annihilations are negligible. Here we extend their analysis to consider both cases, noting that motivation from fundamental theory so far seems to favor the 'annihilation scenario'.
Background Evolution
The treatment of the background equations has appeared in many places in the past, and we find our results to be in close agreement with those of [26] . We are interested in the background evolution following the end of inflationary reheating, assuming a high-scale model of inflation with reheating temperatures near the GUT scale. Once the expansion rate becomes comparable to the moduli mass, coherent oscillations of the scalar will lead to a matter dominated phase. Within this regime we can describe the cosmological background as a system of three interacting fluids aṡ
where Γ σ ∼ (m 3 σ /m 2 p ) is the decay rate of the scalar with m p = 2.44 × 10 18 GeV the reduced Planck mass, σv is the self annihilation cross section of DM particles with mass m χ and B χ is the branching ratio for scalar to decay to DM. We assume all other decays result in relativistic particles. We will be interested in the non-relativistic regime of DM T m χ and so can neglect the equilibrium terms ρ 2 χ,eq ∼ e −mχ/T in (3) and (4) . The temperature is related to the radiation energy density as ρ r = π 2 g * T 4 /30, and we take care to track the non-standard relation between the temperature and expansion rate during the entropy production within the matter (moduli) dominated phase [26] .
The Hubble and Friedmann equations are
where α runs over the values α = σ, r, χ for each fluid and dot denotes differentiation with respect to cosmological time t. Instead of working with time it is convenient to express the equations in the number of e-folds, Hdt = dN = d(ln a), so that the dynamical equations (2)- (4) and (6) become
subject to the energy constraint (5).
We begin studying the behavior of the system well within the matter dominated phase resulting from the coherent oscillations of the moduli, i.e. t ∼ H −1 m −1 σ . Moduli decays into both DM (which is by this time non-relativistic) and radiation do not significantly reduce the abundance of moduli until the time of decay t d ∼ H −1 Γ −1 σ , however the decays do affect the scaling behavior as discussed in e.g. [26] . Indeed, we find that prior to reheating the moduli evolve as expected but that the DM and radiation scale differently
where we choose initial values so that ρ
σ and DM will be primarily of non-thermal origin 3 . The scaling behavior in (12) and (13) is similar to the case studied recently in [19] , where the annihilations of DM were not taken into account. However, (as we have checked numerically) the behavior here is due to a near cancelation between the decay and annihilation terms on the right hand side of equations (8) and (9), which allows the DM density to track quasi-static equilibrium [20, 27] and so it dilutes more slowly than the standard ∼ 1/a 3 as seen in (12) . This characterizes the behavior of the system until near H −1 ∼ Γ −1 σ when the decays become significant enough to reduce the scalar abundance. The evolution during this time is described well by the sudden decay approximation, and given a large enough yield of DM rapid annihilations will occur -see [3] for more details.
The dynamics of the entire system is easily solved numerically, and the evolution of the background energy densities as a fraction of total ρ = ρ σ + ρ r + ρ χ for two different non-thermal cosmologies is presented in Figure 1 . For both sets of parameters the DM and radiation is found to evolve as ∼ e −3N/2 ∼ a −3/2 , until the time of reheating at H −1 ∼ Γ −1 σ . Then, the scalar energy density becomes exponentially suppressed, ρ σ ∼ e −2Γσ/3H(N ) and most of the energy density deposited in the coherent scalar oscillations will be transferred to radiation and DM fluids in a very short time interval as seen in both figures above. The sudden decay will increase the DM density to a critical value such that DM annihilations terms in (8) will be more important than the Hubble expansion terms, resulting in rapid annihilations of DM into radiation until these two terms balance each other. On the other hand, DM pair annihilations do not have an observable effect on the radiation fluid due to the large hierarchy between the energy densities of these fluids at reheating. Once all the energy in scalar oscillations is transferred into DM and radiation, all the source terms in background equations are negligible and the fluids evolve as ρ r ∼ e −4N and ρ χ ∼ e −3N . Given both an analytic and numeric description of the system we now turn to a study of the evolution of cosmological perturbations.
Cosmological Perturbations
The evolution equations for the scalar perturbations can be derived by perturbing covariant versions of the background equations presented in Section 2 -details appear in Appendix A. Consistent with our analysis in that section, we will drop terms the equilibrium terms ρ χ,eq in equations (16)- (21) focusing on the evolution after DM has become non-relativistic. We work in longitudinal gauge where the scalar metric perturbations are
In the absence of anisotropic stress for the fluid sources we have Φ = Ψ and working in momentum space (and suppressing the wave number) the time-time component of the perturbed Einstein equation is
where prime denotes derivatives with respect to number of e-folds and v (α) , δρ (α) , δp (α) are scalar velocity, density and pressure perturbations for each fluid, respectively. Introducing fractional density perturbations δ (α) ≡ δρ (α) /ρ (α) and defining the velocity perturbation for each fluid as
, the continuity equations in momentum space are given by
Similarly, the equations for velocity perturbations are
We have assumed each fluid has a definite equation of state with
. This set of differential equations can be closed by the perturbed Einstein equation (15).
Initial Conditions
In order to calculate the evolution of perturbations we need to specify initial conditions. We set these initial conditions are well after the scalar dominated era has begun and when all modes of interest are super-Hubble, k/aH → 0. Given the multiple fluid setup and the presence of decays, one concern may be a substantial contribution to an isocurvature component that could then be in conflict with CMB observations [28] . However, here we will be interested in the case when the modulus completely dominates the energy density before decay, and so any existing isocurvature carried by the moduli will be eliminated as the moduli evolve to dominate -see [10] and references within. Moreover, any DM or radiation that exists prior to moduli domination is found to be insignificant compared to that coming from decay, and so this does not lead to a constraint from observations 4 . We elaborate on the role of isocurvature in Appendix B, but given these considerations we are interested in strictly adiabatic initial conditions for the multi-fluid perturbations so that
Using the background fluid equations (7)- (9) with the ansatz (11)- (13) and remembering that during scalar domination Γ σ /H 1, from (22) we obtained the following relation for fluid perturbations δ
This relation differs from the standard relation (δ
r ) due to the presence of decays and entropy production. Taking the super-horizon limit k/aH → 0 of (15) in a scalar dominated universe ρ σ ρ r , ρ χ , we have
where we used that the gravitational potential Φ is conserved on super-Hubble scales. Since ρ σ 3H 2 m 2 p during scalar domination (24) implies the following initial condition for long wavelength gravitational perturbations δ 
Evolution of the Perturbations during Moduli Domination
In this section, we examine the evolution of the perturbations for modes that enter the Hubble radius during moduli domination. We note that these modes will be small compared to the size of the horizon at reheating, k −1 < k −1 rh , and thus it will be important for determining the growth of structure at that time. Our results for this part of the analysis are in general agreement with [19] , but here we will include the effect of annihilation terms on the evolution of the perturbations.
Moduli Perturbations
We have seen that moduli domination leads to an effectively matter dominated universe, and so the gravitational potential Φ will be constant on both super and sub-Hubble scales (neglecting the second decaying mode) [29] . Therefore, we can set Φ = Φ 0 during the scalar dominated era for both super and sub-Hubble scales. Using this, we can rewrite (19) as
where we used H = H 0 e −3N/2 in a matter dominated Universe. This equation can be solved to give the behavior for all wavelengths, concentrating on the growing mode we have
which confirms that long wavelength vector modes are unimportant. From (26), we can derive the evolution of the scalar perturbation δ σ during the scalar dominated era subject to the initial condition δ (0) σ = −2Φ 0 . Noting that until the time of reheating we have Γ σ /H 1 and Φ is constant, we can rewrite (16) as
and using the result in (26) we integrate to find
which is again valid on all scales.
Dark Matter and Radiation Perturbations
In the absence of the terms on the right hand side of the fluid perturbation equations (17)- (21) the perturbations would just evolve as expected in a matter dominated universe. However, these additional terms will be important during the period of scalar domination and solutions for the complete system can be found by noting that the background dependent quantities on the right hand side of these equations are time independent constants. This can be seen by using the background solutions (11) - (13) to determine the coefficients on the right hand side of (17) which scale as
where have used that H = H 0 e −3N/2 during the scalar dominated epoch and A 1 and A 2 are constants. While for density perturbations of radiation, from (18) and (21) we again find that the scaling cancels and the coefficients are determined by their initial values,
Using this information and selecting a range of initial values motivated from SUSY model building we find that the annihilation and decay terms are of comparable importance. We can first solve for the DM perturbations. The velocity perturbations of the DM fluid during scalar domination can be found by using (26) in (20),
Integrating (33), we find
Similarly, using (28) and (34) in (17) and remembering that the background coefficients are constants we have
Integrating the above equation gives
which again is valid on both super-Hubble and sub-Hubble scales, and we have used the initial conditions δ
(0) χ = −2Φ 0 . Given the solutions for the scalar field and DM perturbations we can solve for the radiation fluid perturbations. Using the solutions (26), (28), (34) , and (36) in (21) and (18) we have
where we defined A ≡ A 3 + A 4 and α = 2 3
Differentiating (38) , using (37) to eliminate θ r and (38) to eliminate θ r in the result, we have
where the source term is given by
In the absence of decays and annihilations (corresponding to A = α = 0 above) the exact solution to (40) can be easily found for all scales
The modes are initial taken to be super-Hubble and have constant amplitude. As they pass through the Hubble scale, they begin to oscillate with fixed amplitude and rapidly increasing frequency as can be seen in Figure 2 . The maximum amplitude of |δ max r | = 7Φ 0 is reached when the lone source term in (41) is in phase with the oscillations resulting from the homogenous solution.
There are two important differences when the scalar decay and DM annihilations are included (i.e. A = 0) as can be seen from (40) . Firstly, we see that if A > 1/4 the homogeneous equation Figure 2 : Evolution of the density perturbations in radiation fluid for modes with k/H 0 = 0.1 and for different rates of decay and annihilation. The bottom blue curve corresponds to the evolution of radiation perturbations in the absence of scalar decay and annihilation terms in a "matter" dominated Universe, whereas green and red curves shows the evolution with enhanced decay and annihilations. Particularly, the values of A and α for the red curve is implied by SUSY model building.
(with S(N ) = 0) becomes that of a damped oscillator. This damping is the result of radiation being pumped into the system from decays of the scalar, as well as from DM annihilations. The exact amount of damping depends on the relative abundances of the different fluids, the branching ratios, decay rate, and annihilation rate all given by (31) and (32) . For typical initial values of radiation and DM, as well as decay rates and branching ratios as required by a successful SUSY non-thermal DM scenario, we find that typically A > 1/4 and the oscillations in the scalar dominated phase will be over damped. A comparison of this situation as compared with the case where annihilations and decays are absent is presented in Figure 2 . A second important effect resulting from decays and annihilations is that this provides additional source terms in (41) , which act to boost the amplitude of the density perturbations. As can be seen from (40) and (41), unlike the A = 0 case, the first two source terms in (41) will lead to an immediate boost to the perturbation as it enters the Hubble radius. The enhancement of the amplitude is again controlled by the decay and annihilation rates given by (31) and (32) . In addition, although these new source terms with A = 0 provide additional enhancement, for typical values of the parameters the damping overcomes this effect before one oscillation can complete as can again be seen in Figure 2 .
Saturation of the radiation density perturbation at late times in the presence of decays and annihilations (A = 0) can be also understood considering the first order equations (37) and (38) . As we mentioned before, upon horizon entry the radiation density perturbation gets a kick and grows considerably. From (37) , this growth began to contribute as an additional source for the velocity perturbation, causing a spatial dispersion of the radiation fluid. As the radiation velocity perturbation grows, this slows down the growth of radiation density perturbation through (38) . 
. In this non-thermal cosmology the universe is effectively matter dominated until N rh 10.6 e-foldings after which the universe becomes radiation dominated. Well after reheating, the density perturbation oscillates with an amplitude A δr 0.0005Φ 0 (Left), A δr 1.7Φ 0 (Right). For these modes, the ratio of the size of the comoving horizon k Eventually, the growth in the velocity perturbation will balance the source terms in (38) and saturate the growth in the radiation perturbation, giving that the radiation density perturbation is constant. For the full solutions of the radiation velocity and density perturbations during scalar decay we refer the reader to the Appendix C where we provide exact solutions using Green's function methods.
To summarize, in this section we have derived the analytic solutions for the DM and radiation perturbations during the scalar dominated epoch prior to reheating 5 . Note that the solutions we found are valid on all scales and the behavior of perturbations in different regimes can be inferred by considering the limits k/aH 1 or k/aH 1. In the next section we consider the evolution of perturbations by focusing on the reheating era during which the decay term for the scalar will significantly influence the evolution of the cosmological background.
Evolution of Perturbations through Reheating
Thus far we have neglected the effect of decays on the moduli energy density ρ σ and so also the effect on the Hubble expansion. We find that this approximation will remain valid until a time near
(or in e-folds 0 < N < N rh ). As mentioned above, this effective matter dominated phase is what allowed us to simplify the background dependent source terms in (17) , (18), (20) and (21) (due to the scaling in (29) - (32)). However, as the scalar decays become important the 5 We have seen that decay of the scalar to radiation and DM is important (e.g. it changes the scaling of both radiation and DM), however the energy density of the scalar field is only reduced appreciably near the time of 'reheating'
σ as usually assumed in models of instant reheating. As the mode enters the horizon, it grows linearly with the scale factor e N ∼ a. We see that the solution (36) (red dot-dashed curve) we derived in the previous section is an excellent fit during the scalar dominated era. After the universe become radiation dominated at N rh 10.6, the amplitude of the density contrast decreases due to rapid annihilations of DM particles. For N 12, the density contrast then begins to grow logarithmically as expected.
constant scaling is no longer valid and the evolution of these terms must be considered. In this regime we perform the analysis numerically with our results appearing in Figures 3 and 4 . We now discuss the behavior of these solutions and their connection to the perturbation equations.
First we consider the behavior of the radiation perturbations, which is given in Figure 3 . In the figure we show the evolution for two different modes with k/k rh = 20 and k/k rh = 8, where k −1 rh = 1/(a rh H rh ) is the size of the comoving horizon at reheating. As discussed above, the radiation density perturbation gets an initial kick at Hubble radius crossing and grows considerably until it levels out due to the balance between the source terms in (18) at around N 9 e-foldings. For 9 < N < N rh , radiation velocity perturbations continue to grow which leads to a dispersion of the radiation density perturbations through its effect given by (18) . Equivalently this can be understood as the importance of the friction term and sources appearing in (40) , acting to balance each other. The source terms lead to rapid growth of the density perturbation, but the friction term eventually saturates this growth depending on the amount of decay and annihilations.
Once moduli decay becomes significant to change the expansion history at t d the moduli density then scales as ρ σ ∼ e −2Γσ/3H for N > N rh 10.6, which leads to quick decay of the moduli in less than a Hubble time. This rapid decay results in a termination of the source terms in (18) , while the relativistic conversion of scalar particles to radiation acts to wipe out the growth prior to decay. Thus, the only remnant of the moduli epoch is an extra suppression in the amplitude of radiation perturbations (as a consequence of the decay), which as discussed in [19] could lead to damping of dark matter perturbations on small scales if dark matter is not kinetically decoupled [37] . We find that the addition of DM annihilations to radiation does not change this conclusion. In fact, we saw above that both annihilations and decays enter (40) in a similar way (through the parameter A = A 3 + A 4 , see also (31) and (32)). We find that the key effect of adding DM annihilations to the system is to effectively add an additional source of radiation complementary to that provided by scalar decay. As can be seen from both Figures 3 and 2 , this increases the rate of initial growth and the importance of the friction effect. This addition also leads to a larger suppression at the time t d as the rapid decay of moduli to DM leads to annihilations in the super-critical case and these annihilations pump additional radiation into the system acting to further dilute the amplitude of radiation density perturbations.
We now consider the evolution of DM perturbations. Figure 4 shows the evolution for the DM density perturbations again for two different modes with k/k rh = 20 and k/k rh = 8. As seen from the figure, the density contrast begins to grow linearly with the scale factor upon horizon entry until reheating N rh 10.6. The solution (36) we obtained in the previous section is an excellent fit (red-dashed line) to the numerical solution for typical values of A 1 and A 2 motivated by SUSY model building. Briefly after reheating N > N rh the DM annihilation terms become the main source in (17) and this along with the radiation production from decay leads to a power loss in DM density contrast. The annihilations happen in much less than a Hubble time and the resulting density contrast begins to grow logarithmically as expected in a radiation dominated universe [29] . In the absence of annihilations we find agreement with the analysis in [19] , whereas in the case of super-critical non-thermal DM production -when annihilations are important -we find this acts to further reduce the strength of the perturbations following reheating.
We conclude this section by noting that the DM perturbations on scales that enter the Hubblehorizon during the early "matter" dominated epoch can experience a significant growth. This growth might lead to formation of substructure in the form of compact mini-halos or other objects [19] , which could provide an important observational prediction of non-thermal cosmologies. To investigate this possibility one needs to take into account cut-off scales that arise due to kinetic decoupling and free-streaming of DM candidates. We address these questions in the next two sections.
Determining the Scale of the Smallest Dark Matter Structures

Free Streaming and Kinetic Decoupling of Dark Matter
In the standard WIMP paradigm, while freeze-out signals the departure from chemical equilibrium it does not signal the end of WIMP interactions. Scattering processes of the form χl → χl (elastic) or χl → χ l (inelastic) keep WIMPs in kinetic equilibrium until later times and therefore to lower temperatures [30] [31] [32] . Here l and l are the light degrees of freedom in the thermal bath, while χ is an unstable state that carries the same conserved quantum number as χ. As the Universe expands and cools these scattering processes cease to be in effect and DM particles χ kinetically decouple at a temperature T kd when the scattering rate γ of the DM species becomes comparable to the Hubble expansion rate, γ(T kd ) H(T kd ).
The temperature T kd at kinetic decoupling determines the length scale at which linear density perturbations of DM get damped, setting the scale of the smallest structures in the universe. In general, there are two important scales associated with kinetic decoupling below which the perturbations in the DM get suppressed:
i. The free streaming distance of DM particles after kinetic decoupling, k
ii. The size of the comoving horizon at kinetic decoupling, k
For temperatures T < T kd , scattering of DM particles from the relativistic plasma cease to occur and WIMPs can stream from over-dense regions to under-dense regions freely, causing damping of the perturbations [33] [34] [35] [36] ,
where v is the average velocity of DM particles after kinetic decoupling and t kd is the time of kinetic decoupling. However, kinetic decoupling is not an instantaneous process: coupling of the DM fluid to acoustic oscillations in the radiation bath induces both oscillations and damping of perturbations that crosses the horizon before kinetic decoupling [33, 37] . This leads to an additional source of damping, as so critical scale as modes with comoving wavelengths k −1 < k
continue to grow logarithmically. We emphasize that this damping due to acoustic oscillations is most important in a universe that is dominated by the radiation bath.
Determining the Relevant Scale
We now consider the different possible cases for DM kinetic decoupling as compared to the reheating effects discussed in Section 3 and establish the implications for the formation of primordial substructures. We can capture the enhanced growth of perturbations discussed in Section 3 by introducing a Gaussian cutoff into the matter power spectrum 6 :
where the damping scale is given by k
d are the free-streaming and kinetic decoupling scales discussed above. This expression implies that any fluctuation of size k −1 must be larger than both of these scales to form structure. DM particles produced from the scalar decays can thermalize with the relativistic plasma if the scattering rate is larger than the expansion rate γ(T rh ) > H(T rh ). Here, we assume that the decay populates DM almost instantaneously as can be verified from Figure 1 . In this case, the kinetic decoupling temperature is lower than the reheat temperature T kd < T rh and the damping scale is typically given by k
f s [37] . In this scenario, DM particles will lose their memory to the growth (36) prior to reheating and will follow the tiny oscillations in the radiation perturbation after reheating (see figure 3) . Therefore, the growth during the scalar dominated era will be erased. This is simply because the size of the horizon at kinetic decoupling k (44) by noting
On the other hand, DM picks up a momentum when produced from heavy scalar decays after reheating and then their free streaming may erase structures on scales smaller than the free-streaming horizon k −1 f s if they don't thermalize with radiation bath. This case corresponds to T kd > T rh where DM decouples kinetically prior reheating. In the following, we will derive the free-streaming horizon and discuss in which cases the free-streaming effect could become important.
We denote the average momentum of DM particles produced from decays by p rh . The momentum redshifts as a −1 assuming that there is negligible interaction to change the momentum, which is true in the case T kd > T rh :
In general, the DM particles produced from decays will have a continuum spectrum and p rh is model dependent. In the simplest case where DM particles all come from two-body decay σ → χχ,
2 − m 2 χ . For DM particles produced from scalar decays, the free-streaming horizon in (43) is an integration from the reheating time t rh till now t 0
where in the second line, we changed variable from time to scale factor and used the kinematic relations v = p/E and E = p 2 + m 2 χ . In the third line, we used Eq. (45). We also used the facts that the scale factor at matter-radiation equality could be written as a eq = Ω R /Ω M with Ω R (Ω M ) being the current radiation (matter) density of the Universe and
where H 0 is the current Hubble rate and we neglect the dark energy contribution.
Knowing the momentum distribution of DM after reheating, one could carry out the integration in Eq. (46) either analytically or numerically. Below we will consider two interesting limits to obtain simple illustrative analytic results. In the case with p rh m χ , where the DM particles produced from decays are non-relativistic, p rh ≈ m χ v rh with v rh the DM velocity after reheating, Eq. (46) is reduced to the result in [19] ,
In the case with p rh m χ , where the DM particles produced from decays are relativistic, the dominating contribution to k −1 f s is the integration over the period when DM particles are relativistic,
where we approximated the integrand in Eq. (46) to be unity and integrated from a rh till a nr when DM is red-shifted and becomes non-relativistic with momentum of order m χ .
If k rh /k f s > 1, the free-streaming of the DM particles will completely erase the growth of density perturbation in the scalar domination period ( See eq. (44)). In the two limiting cases we considered, the ratio k rh /k f s is given by
In deriving the formulas above, we used k rh a rh = H(a rh )a 2 rh = H 0 √ Ω R and a eq /a rh = √ 2k rh /k eq . We also chose a nr ≡ p rh a rh /m χ . To obtain more accurate numerical results in a general case, one should use Eq. (46) . Yet the approximate formulas already tell us the conditions in which case the free-streaming effect is important. If there is a large mass splitting between scalar and DM, p rh m χ , then k rh k f s and the free-streaming effect will definitely wipe out the growth of perturbation in the scalar domination phase. Only when DM particles produced from decays are non-relativistic, k rh could be smaller than k f s . Since
(51) and sinh −1 x behaves as log x for x 1, k rh /k f s depends weakly on T rh and for reheating temperatures above 10 MeV, k rh /k f s < 1 leads to v rh < 0.06 [19] . This could only occur in scenarios where the scalar mass is very close to the total mass of all decays products (a situation not favored by SUSY motivated phenomenology).
Neutralino Dark Matter in the Moduli Scenario
In this section we consider SUSY neutralino DM in the Split SUSY / moduli framework, which provides an explicit realization of the non-thermal histories discussed above. We will be interested in wino or higgsino DM and we begin by summarizing the picture of kinetic decoupling.
In the moduli scenario, immediately after the moduli decay at about T rh , the produced DM particles would have a energy distribution which peaks at high energy and most of them are relativistic. Through scattering with SM particles, e − , ν e , ν µ , ν τ in the thermal bath, they will deposit energy into radiation. Because the scattering rate of either wino or higgsino is large enough (compared to Hubble), the DM particles will thermalize with the radiation quickly. When the temperature decreases and the DM particles become non-relativistic, the rate of the thermal scattering drops and eventually the DM particles would be kinetically decoupled from radiation. One key quantity that will determine whether thermalization happens or not is γ/H where γ is the scattering rate of DM particles off radiation. In this section, we will demonstrate thermalization indeed happens for either wino or higgsino DM by computing their scattering rates γ/H's.
Light wino DM with mass of about a few hundred GeV fits very nicely into the moduli scenario [39] . However, indirect detection searching for excesses in the photon spectrum of our galactic center have already put strong constraints 7 on the wino as the only component of DM [23, 24] . In particular, T rh > 1 GeV in the moduli scenario even if the wino is only one component of DM [23] 8 .
The cosmological history of winos after reheating has already been worked out in detail in Ref. [20] . It is demonstrated that winos lose energy efficiently after production through the inelastic process W 0 +e ± →W ± +ν e and thermalize with the radiation almost instantaneously. At low temperature T kd ≈ 10 MeV, the wino DM will kinetically decouple from the thermal bath. Notice that T kd is almost independent of the wino mass and is mostly set by the mass splitting between the charged and neutral components of wino DM, which is about ∆m ≈ 160 MeV at the two-loop level [42] . This is because at low temperature, the scattering rate will be suppressed by the Boltzmann factor exp(−∆m/T ). Now we turn to the higgsino DM scenario. When DM is mostly higgsinos, or in other words, µ < M 1 , M 2 , unlike the wino case, the tree-level mass splitting is only suppressed by one power of the larger mass scale
where in the second step, we assume that tan β 1 and M 2 = 2M 1 = M s . Traditionally one could diagonalize the neutralino/chargino mass matrices and expand the formulas to obtain the result above. However, this could also be understood easily from an effective operator analysis. Integrating out a heavy bino or wino at tree-level, one gets dimension-five operators such as
where σ a with a = 1, 2, 3 are the three SU (2) w generators. g and g are the SM SU (2) w and U (1) B gauge couplings correspondingly. The operators above will lead to a charged/neutral mass splitting after electroweak symmetry breaking. Notice that the operators above also lead to an effective coupling between Higgsinos and Z gauge boson.
In the moduli scenario, the relic abundance of higgsino DM is estimated to be, assuming order one branching fraction of moduli decaying to higgsinos,
where we took σv th = 3 × 10 −26 cm 3 /s and the thermal freeze-out temperature T f ≈ µ/20. In deriving the second line, we used σv HH →ZZ,W W ≈ g 4 /(512πµ 2 )(21 + 3 tan 2 θ W + 11 tan 4 θ W ) [43] .
The elastic scattering rate of higgsino DM per expansion rate is [44] 
where
where E is the energy of the DM particles, T is the temperature of the radiation bath and r = M 2 /M 1 . One could see that the elastic scattering rate per Hubble scales as (∆m) 2 and increases when ∆m increases. The inelastic scattering of higgsino DM per Hubble is
where e − µ∆m 2ET is the Boltzmann factor. Thus inelastic scattering would be more efficient at small ∆m. In Fig. 5 , we demonstrated the higgsino elastic/inelastic scattering rates per Hubble as a function of the mass splittings for different choices of the DM energy and thermal bath's temperature. From Fig. 5 , the inelastic scattering rate always dominates over elastic scattering rate at the reheating temperature for the whole range of mass splitting. It is also much larger than Hubble rate and thus the higgsino DM particles would quickly thermalize with the radiation immediately after reheating. When the temperature drops, γ/H decreases and eventually higgsinos decouple kinetically. In summary, we find that for neutralino dark matter with a non-thermal history that any enhancement of dark matter perturbations arising from the moduli epoch are washed out by kinetic decoupling effects following reheating.
Conclusions
In this paper we have investigated the result of a matter (moduli) dominated phase prior to BBN on the growth of cosmological perturbations. We have seen that matter and radiation perturbations grow during this epoch, with dark matter perturbations being enhanced and radiation perturbations first growing and then eventually oscillating with an amplitude suppressed relative to the usual thermal case. We saw that this suppression arises at the peak of scalar decay when most of the radiation is created by both dark matter annihilations and decays of the moduli. In agreement with [19] we find that the matter perturbations remain enhanced following reheating (with the growth inherited from the growth of scalar fluctuations during moduli domination), and we showed that this remains true even in the presence of dark matter annihilations to radiation. Whereas the suppression of the radiation perturbations can lead to damping of dark matter perturbations on small scales if dark matter is not kinetically decoupled [37] -again in agreement with [19] .
However, we have also seen that for non-thermal models motivated by BSM physics -such as those motivated by moduli in the presence of SUSY breaking with a split spectrum -that these effects are lost since the kinetic decoupling temperature of neutralinos is typically below that of reheating. This is discouraging for establishing new signatures for the dark ages following inflation, because it means that the matter power spectrum (and enhanced small scale structure such as compact mini-halos) can not be used to distinguish a non-thermal history from the standard thermal case. Moreover, because the effects of the moduli decays to dark matter are local (subhorizon) and dark matter is subdominant before, during, and after the decays, we should not expect any associated CMB signatures (e.g. from dark matter annihilations). That is, as far as observations are concerned, the cosmic dark ages remain elusive.
There are some exceptions to this conclusion. As discussed in [19] , if dark matter is produced thermally after reheating (and kinetic decoupling and free-streaming effects are not important) the suppression of the radiation perturbations resulting from the non-thermal phase can lead to an erasure of dark matter structure (establishing a cutoff in the matter power spectrum). For typical SUSY WIMP models this seems to present model building challenges given the need for a large reheat temperature, and so the matter dominated phase would be short or even comparable to that of a thermal history. Another possibility is if dark matter is produced non-thermally but with a mass comparable to the moduli mass (so it is not relativistic at production). This possibility again seems rather exotic from a SUSY model building viewpoint, particularly in models with moduli masses associated with PeV-scale symmetry breaking.
Taking a more optimistic view, our results suggest the robustness of typical non-thermal histories (or early matter dominated phases) prior to BBN and provide further evidence that such models offer a realistic alternative to the standard thermal WIMP paradigm.
can be captured in a covariant manner by writing,
where Q 
The covariant form of energy transfer terms on the R.H.S of (59) can be written as,
from which one can easily obtain,
Then, the fluid evolution equations (2)- (4) can be recast using the following conventions for the decay rate and annihilation cross section between scalar,radiation and DM fluids:
We write the perturbed metric in the longitudinal gauge as
In the absence of anisotropic stress, from (58) we write perturbed energy-momentum tensor;
where we have used 
where we used the fact that δu 0 (α) = −Φ. Finally, we can obtain evolution equations for the density and velocity perturbations using perturbed stress-energy conservation equation (59) 1 + w (α)
where we defined δ (α) ≡ δρ (α) /ρ (α) , θ (α) ≡ a −1 ∇ 2 v (α) and used the background fluid equations (63).
In the case of energy transfer between the constituents of the universe, it has been showed that perturbation equations allow for an adiabatic solution in the long wavelength limit with
if the total intrinsic non-adiabatic energy transfer perturbation of each individual species δQ vanishes [47] . For the reheating model we consider, these are given by
where again we set ρ χ,eq = 0 in the era we consider the fluid perturbation equations. Therefore, from (73)- (75), we see that an adiabatic mode with ζ = constant, Ψ = constant and S αβ = 0 [47] exist on large-scales where we ignored the decaying mode of gravitational potential Ψ.
Appendix C: Solution for Radiation Density Perturbation During Scalar Domination
We are interested in finding the solution for the density perturbation during scalar domination. The equation of motion derived in the text is
The homogeneous solution is 
The integral gives a negligible contribution for super-Hubble modes initially, and so using the initial conditions δ r (N = 0) = δ 
where the particular solution is given by )Ñ sin 2k
and we have defined
Let ω ≡ 
consider the change of variables,
we then have 
where we must have m > 0. It is also useful to note the asymptotic form as x → ∞ Γ (m + 1, ±ix) = e ∓ix x m (±i)
With these solutions we can now solve for the complete solution in (81), and this can then be used to solve for the velocity perturbations. This solution for different values of the parameters appears in Figure 2 .
